We consider the spatiotemporal fluctuation of slip-link positions via the implementation of elastic slip-links. The level of description is similar to our previously proposed slip-link model, wherein we use the entanglement position in space as dynamic variables, and the number of Kuhn steps between entanglements. However, since it is a mean-field, single-chain description it has some relevance to the slip-spring simulations of Likhtman, and the phantom chain model for cross-linked networks. It might also provide a connection between slip-links and tubes. Two implementations are possible, depending on whether or not the slip-links are allowed to pass through one another. If a boundary condition on the dynamics preventing such passage is imposed, then the plateau modulus is unchanged from perfectly rigid slip-links. Only the dynamics is changed. On the other hand, for phantom slip-links the distribution of the number of entanglements changes from Poisson. Furthermore, requiring normalization of the distribution function sets a constraint on how loose the virtual springs for the elastic slip-link are. These restrictions appear to be in agreement with parameter values used for the slip-spring simulations, although nonphantom slip-links were used there. The results are completely analogous to what was found by James and Guth for ideal elastic networks, whose derivation is repeated here. Our earlier rigid slip-link model is recovered as a limiting case.
I. INTRODUCTION
The very broad spectrum of relaxation times for longchained polymers are not readily amenable to molecular dynamics simulations. Hence, coarse graining is necessary for theoretical study. Several possible description levels, or choices of dynamic variables, have been used. For a sort of minimal coarse graining, one can use Kuhn steps instead of monomers in a multichain model ͑for example, Ref. 1͒. Or one can further coarse grain the random walk taken by a chain between entanglements to obtain a free energy of strands in a multichain model. 16 The chain-chain interactions might be treated in a mean-field way to obtain a single-chain model, 5, 13, 31 or only single strands of a chain might be modeled. 6 Generally, the more coarse grained the model is, the easier the calculations are. However, this ease comes at a sacrifice; typically, more assumptions must be made about what the important physics are and how they are modeled, which might limit its accuracy or domain of applicability. In this paper we consider one important physical assumption for single-chain and single-strand models: The motion of entanglements, in particular, the importance of fluctuations around affine motion. Multichain simulations can be performed similar to experiments by imposing strain at the boundaries. However, mean-field single-chain and singlestrand models must make assumptions about entanglement motions.
The modeling of spatiotemporal fluctuations in both cross-links and entanglements for polymer networks and liquids has a long history. Apparently the first model to consider the issue was the ideal multichain network model of James and Guth 9 in 1949. The network is ideal in that it assumes Gaussian statistics for the strands between cross-links, and there are no entanglements. They considered two possibilities for the motions of the cross-links. In the fixed cross-link version, the cross-links were frozen in their most-probable positions, and moved affinely with deformation. In the fluctuating version, the cross-links were allowed to fluctuate from thermal motion and only the cross-links on the boundaries were deformed ͑affinely͒. Their work showed that both calculations gave identical results for the stress tensor. Since they considered only equilibrium stresses following deformation, a simple virtual work argument could be used to derive the stress tensor expression unambiguously. These two models are usually called the phantom chain model. Around the same time, there were additional models that considered fluctuations, but these were single-strand, meanfield models, so could not handle the fluctuations as rigorously as James and Guth did.
Since that time, there has also been widespread agreement that entanglements are indeed present in flexible crosslinked systems. Hence, there has been an interest in developing models that have both fluctuating cross-links and fluctuating entanglements. Most of these have been singlestrand, mean-field models. In particular, Panyukov and Rubinstein 26, 27 published several papers considering a singlestrand model that includes fluctuations. However, Masubuchi and co-workers 16 also performed several multichain simulations with mobile entanglements. Both of these approaches utilized slip-links to model the entanglements.
Before including entanglements, Panyukov and Rubinstein first developed a single-chain unentangled model that incorporates cross-link fluctuations. They claimed that the James and Guth ͑JG͒ multichain "phantom network model is equivalent to" a single-chain ͑or combined real chain and two effective chains͒ model that they proposed. Curiously, their model predicts a modulus that depends on cross-link functionality , and is smaller than a purely affine ideal model by a factor of ͑1−͓2 / ͔͒. Since James and Guth stated explicitly that fluctuations of cross-links do not change the stress expressions in the phantom network, the models do not appear to be equivalent. This discrepancy has implications for their entangled network, as well as for similar single-chain entangled liquid simulations of Likhtman, 13 and multichain simulations of Masubuchi, et al. 15, 17 In an attempt to clarify matters, we recapitulate here a derivation of an unentangled ideal network with and without fluctuations.
3 Indeed, our results agree with James and Guth. The calculation assumes that all strands are Gaussian, that there are no entanglements, and any topology, cross-link functionality, or strand molecular weight distribution is possible. We calculate the strand conformations under both conditions: On the one hand, when the cross-links are free to fluctuate and only surface junctions are deformed affinely, and on the other hand, when the cross-links are frozen at their most-probable location ͑where forces are balanced͒ and then deformed affinely. Using a virtual work argument under isothermal, isochoric deformations, we show that the stress tensor predictions are identical.
In light of the results of James and Guth's derivation, we consider a single-chain, slip-link model for both entangled networks, and entangled liquids. We derive the plateau modulus for both elastically fluctuating and rigid slip-links. Although it utilizes a free energy for both the conformation statistics, and the dynamics, Likhtman's simulation is not only strictly a mathematical model but also contains computer algorithms. Hence, it is not amenable to analytic thermodynamic analysis, as has been done for the slip-link model used here. 29 Also, the magnitude of the modulus of Likhtman's model is not known analytically, and cannot be compared to other models. Instead, we consider spatiotemporal fluctuations of slip-links and cross-links in a modification of an earlier single-chain slip-link model that can be analyzed mathematically. 10, 11, 18, [28] [29] [30] [31] In this calculation, we show that elastic or fluctuating slip-links give a plateau modulus that is independent of the elasticity of the slip-links, and identical to completely rigid slip-links that do not fluctuate providing that slip-link mobility is greater than chain mobility. These two results leave open the question as to why the models of Panyukov and Rubinstein and of Masubuchi et al. give moduli different from affine models.
II. IDEAL ELASTIC NETWORK MODEL WITH FIXED OR FLUCTUATING CROSS-LINKS
Here we rederive the calculation of James and Guth for a cross-linked network without entanglements. They considered two cases: the fluctuating node model where only the connections of the chains at the surface of the sample are fixed and manipulated, and the cross-links on the interior are allowed to fluctuate; and the fixed-node model, where the cross-links are initially fixed at their most-probable positions, and then deformed affinely. Each sample is then deformed. In case A, only the fixed nodes on the surface are deformed ͑affinely͒, and in case B, both fixed nodes and interior cross-links are deformed affinely. We calculate the free energy of the two cases and use a virtual work argument to determine the stress. We make no assumptions about the distribution of molecular weights between cross-links, the connectivity of the network, or the functionality of the crosslinks. Entanglements are neglected, however, and all strands are assumed to be well approximated by Gaussian statistics. Our results show that the two cases yield identical expressions for the macroscopic stress, in agreement with James and Guth.
A sketch of the model is shown in Fig. 1 . A fixed point of the chain on the surface of the sample is shown by an "ϫ." In both cases, these are deformed affinely. We denote the position in space of such a node by R k 0 . A cross-link is shown by a circle "᭺." In case A, these are free to fluctuate at all times from Brownian motion. In case B, these are initially fixed at their most-probable location, and then deformed affinely. We denote the position in space of such a cross-link by R k 1 . The sketch shows only tetrafunctionality of the cross-links and the strands all have similar length, but as mentioned above, these are not assumed in the calculations below.
Since we assume that all chains behave as Gaussian, we can write the free energy of our system as
͑1͒
The matrices ͕H kl 00 , H kl 01 , H kl 11 ͖ show the connectivity between two nodes, a node and cross-link, and two cross-links, respectively. If two of these objects are not connected, then H kl = 0. If, say node R l 1 and cross-link R k 0 are connected by a strand of N K Kuhn steps, then they would have free energy 
where the functions R i 1 ͕͑R i 0 ͖͒ and F 0 ͕͑R i 0 ͖͒ are found from equating terms linear in the ͕R j 1 ͖,
and constant in the ͕R j 1 ͖,
We have introduced the effective node-node connectivity matrix
which tells us something about how surface nodes are connected.
A. Fluctuating cross-links
We now allow the cross-links to fluctuate. We can find the contracted free energy F fluc from the usual statistical mechanical manipulation,
The integration is straightforward when we use our alternative expression for the free energy, Eq. ͑2͒,
where F 0 is given by Eq. ͑4͒. Now we deform our surface nodes affinely, which means that we can pick an origin such that each node flows according to
where v is the velocity. We have shown a dependence on time t, but we assume that our system is always at equilibrium, so we use time just as a parameter to mark the strain. We can solve this equation through use of a time-ordered exponential ͑Ref. 20, p.105͒,
where E͑0,t͒ ª exp͓͐ 0 t ٌv͑tЈ͒ † ͔ is the deformation tensor and the superscript † indicates transpose of the velocity gradient tensor.
We can find an expression for the stress tensor through a straightforward virtual work argument. From thermodynamics, we know that the isothermal work done on a system is equal to the change in free energy. In fact, this is one way to define pressure for a homogeneous, isotropic medium in thermodynamics. From transport phenomena or solid mechanics, we also know that the rate of work per volume done on a fluid element is the negative of the scalar product of the stress tensor and the velocity gradient ͑Sec. 11.2 of Ref. 2͒. Hence, we can write
We used the chain rule to obtain the second line, and Eq. ͑6͒ and affine motion of the nodes to obtain the third line. Hence, we find for the network with fluctuating nodes the stress tensor expression
where we exploit the fact that H kl 00 is symmetric. The result states that the nodes act as if they are all interconnected by springs, whose strengths can be calculated by Eq. ͑5͒.
B. Fixed cross-links
In order to construct a single-strand or single-chain theory, one needs to make some assumption about the motions of cross-links and/or slip-links during deformation or flow. The just performed calculation exploits knowledge about the connectivity of all the strands to find an expression for the stress tensor, while handling rigorously the presence of all the interior cross-links. One typical assumption in the mean-field models is to assume that the interior cross-links also move affinely. This was the motivation for the original calculation of James and Guth and is still relevant today for networks and entangled liquids. Here we show that such an affine motion assumption of interior cross-links indeed gives the same result as the more-detailed theory above. However, we need to assume an initial position ͑prior to deformation͒ for the cross-links. James and Guth assumed the mostprobable position of the cross-links for a given position of the surface nodes, which is found by minimizing the free energy F͕͑R i 0 ͖ , ͕R j 1 ͖͒ for fixed ͕R i 0 ͖. From Eq. ͑2͒, we see that the most-probable position for a cross-link is R j 1 given by Eq. ͑3͒.
We again use a virtual work argument to find the stress tensor expression for the fixed-node model. However, now we are manipulating both the ͕R j 1 ͖ and the ͕R i 0 ͖,
͑12͒
Hence, the stress tensor for the fixed-node case can be written as
We can replace the position vectors at time t by their solutions, Eq. ͑9͒, and from Eq. ͑3͒,
Setting the solutions for the surface nodes and cross-links into the stress expression, Eq. ͑13͒ yields an expression identical to that for the fluctuating nodes, Eq. ͑11͒. Note that the derivation for fixed nodes could be interpreted in a different way. Namely, the mathematics would be identical if one were to deform only the surface nodes and allow the cross-links to move deterministically by force balance.
To conclude this section, we agree with James and Guth that the three models with differing cross-link motion assumptions give identical stress tensors: ͑1͒ the cross-links fluctuate freely by Brownian motion, ͑2͒ the cross-links are initially fixed to their most-probable position and deformed affinely, or ͑3͒ the cross-links move according to a force balance while deforming only the surface of the sample.
Panyukov and Rubinstein 26,27 constructed a single-strand model, which is a coarse-grained version of the multistrand network model of James and Guth. 7, 9 James and Guth showed that the size of the spatial fluctuations of a cross-link decreased with increasing functionality. Panyukov and Rubinstein were able to mimic these fluctuations by attaching each end of their strand to an effective strand, which itself was attached to the affine elastic background. The number of Kuhn steps in the effective strand depended on the functionality of the cross-link. In that sense, the coarsegrained Panyukov and Rubinstein ͑PY͒ model was equivalent to the multistrand JG model. However, the two models do not give the same stress nor the same modulus. The presence of the effective strands in the PY model makes the deformation of the strands to be less than affine, in contrast to the affine deformation experienced by the JG model. Hence, the PY model has lower stress and a smaller modulus than the equivalent JG model.
III. SINGLE-CHAIN SLIP-LINK MODEL WITH ELASTIC SLIP LINKS

A. The free energy expression
We begin with a single Gaussian chain of N K Kuhn steps, which interacts with its environment through slip-links that constrain its motion and provide friction. In our previous application of the model, the slip-links were rigidly attached to an affinely deforming, elastic background. Here, the sliplinks are attached to a virtual elastic ͑Hookean͒ spring, whose other end is rigidly affixed to the affinely deforming, elastic background. See Fig. 2 . The chain is allowed to slide through the slip-links so the number of Kuhn steps N i between two slip-links is allowed to fluctuate. The Hookean spring constant of the virtual springs is characterized by an effective number of Kuhn steps n that is a fixed parameter of the model. The Helmholtz potential ͑or free energy͒ of such a system is
The remaining notation is given as an example in Fig. 2 . Namely, the vector Q i connects slip-link i to slip-link i +1. The vector X i connects anchor i to slip-link i, describing the orientation of the corresponding virtual spring. There are Z − 1 anchors or slip-links, Z total strands on the chain, and Z − 2 entangled strands. The slip-link positions are assumed to fluctuate on rapid time scales. Hence, we need to integrate out the ͕X i ͖ degrees of freedom to obtain the free energy of our system in terms of the anchor connector vectors q i ª Q i + X i−1 − X i . The details of how this calculation is performed rigorously are given in the Appendix. Here we give a simple argument that yields the same results. Note that the virtual springs and the chain strands have independent free energies, each of which gives independent Gaussian distributions. The sum of Gaussian random variables is itself Gaussian. Since a Gaussian distribution is completely determined by its first and second moments, we need only to find the first two ͑conditional͒ moments of q i ,
where ␦ ij is the Kronecker delta function and ͗ ...͘ ͕N j ͖ indicates the equilibrium average conformation of the ͕q i ͖ for a given ͕N i ͖. Hence the free energy of our contracted space can be written as
The variance matrix has the form
where ␦ is the unit tensor.
The remaining term ĉ has the expected form
as can be shown through the derivation in the Appendix. We make a special note of two interesting properties of this expression for the free energy. First, although is tridiagonal, its inverse is not at all sparse. In fact, it has no zero entry. This means that all of the strands on the chain are now coupled to one another. In the limit of rigid slip-links ͑n → 0͒, both matrices are diagonal, and the strands have independent free energies. This coupling among all strands in the elastic slip-link model can be rationalized by considering a force balance on each of the slip-links. Imagine a chain without Brownian forces so that each slip-link finds its position by minimizing the free energy, or equivalently by a force balance. If a single Kuhn step slides through a slip-link, the force balances on the three slip-links involved with the transfer are disrupted, and all three must move. This disrupts the force balance on the adjacent two strands, and so on, until the entire chain free energy is affected. Although the individual real and virtual chains are actually independent, the elastic q i strands appear to give a persistence length longer than a Kuhn step.
Second, we note that the free energy remains finite as long as the above matrix is invertible. This matrix is invertible as long as N i Ͼ −2n for all i. A negative value for N i corresponds in the model to two slip-links passing through each other, as sketched in Fig. 3 . Physically, one might imagine that such constraints from surrounding chains are indeed possible, as shown in Fig. 4 . However, this would make the fluctuations in the number of Kuhn steps, and in the number of entanglements much higher. We examine this more closely in Sec. III B, when we look at the equilibrium distribution function for the chain both with phantom slip-links, and sliplinks with excluded volume.
B. Equilibrium distribution function for chain conformations
As for rigid slip-links, the equilibrium distribution function is given by a Maxwell-Boltzmann-like expression with added microcanonical and grand canonical parts. The microcanonical part arises from conservation of the total number of Kuhn steps in the chain, N K . The grand canonical part arises from the entanglement bath provided by the matrix of surrounding chains. By adding the entanglements in this way, they are distributed randomly along the chain and the density of entanglements fluctuates around a prescribed average. It is equivalent to marching along each Kuhn step of a chain and adding an entanglement with probability 1 / ͑1+␤͒. The resulting probability density p eq for a chain of conformation
where J is the normalization constant, ␦͑ ...͒ is the Dirac delta function for conserving Kuhn steps, ␤ is a parameter related to entanglement density, and p G is the Gaussian dis- 
To find the normalization factor J, we integrate Eq. ͑20͒ first over the connector vectors ͕q i ͖, then over the Kuhn step numbers ͕N i ͖, and finally sum over the number of entanglements Z. The first integration is straightforward since the conditional probability p G is already normalized,
͑22͒
There are now two ways to proceed, by choosing either discrete or continuous Kuhn step numbers, N i . We pick the latter here and leave the former for other work if necessary.
After that choice, we are still faced with another decision: Whether or not to allow negative values for the Kuhn step numbers. If we allow only positive values for N i , then we find no change from our expressions for the model with rigid slip-links, see Eqs. ͑8͒-͑12͒ of Ref. 28 . In other words, the distribution of entanglement number Z is Poisson and the number of Kuhn steps in a strand is exponential for slip-links with excluded volume. Our second choice requires that the integration over all ͕N i ͖ be redone, incorporating a new lower limit of −2n instead of zero. This integration is accomplished in the Appendix, with the result
phantom, elastic slip-links. ͑23͒
In the limit of rigid slip-links ͑n → 0͒, this expression reduces to Poisson. Otherwise, we need to sum this expression over all Z to obtain the normalization constant J. However, this sum does not converge unless the terms fall off faster than 1 / Z, which we show in the Appendix and happens only if
where ␤ is the entanglement parameter and equal to N e −1;
here N e ª lim N K →ϱ ͗N i ͘ eq is the average number of Kuhn steps in an entangled strand for very long chains. Likhtman chose n =1/ 2 and ␤ = 3, which appear to just satisfy this criterion.
If we had chosen discrete numbers of Kuhn steps, instead of continuous, then this problem of convergence would not arise since there is an upper limit on Z of N K . Nonetheless, violation of the criterion still leads to an odd monotonically increasing distribution of Z, as shown in Fig. 5 . The criterion of Eq. ͑24͒ is also sufficient to yield a finite value for ͗Z͘ eq , which is necessary for a finite plateau modulus, as we will see in Sec. III C. The probability density in Eq. ͑20͒ determines the statistics of the positions of the anchor points.
C. Stress tensor, relaxation modulus, and plateau modulus
As we did in Sec. II A, we can again use a virtual work argument to find an expression for the stress. Since we are dealing with a single-chain, mean-field model, we need an additional factor for the chain number density, and to average over all the strands
where n c is the number of chains per volume and v is the imposed velocity field. The free energy F is explicitly only a function of the ͕q i ͖ and ͕N i ͖. The deformation directly affects only the ͕q i ͖ through the affine motion assumption: ͑d / dt͒q i = q i · ٌv. Therefore, we can write
Combining these last two equations, we find
This expression was derived using a straightforward virtual work argument. However, the same expression can be derived using the more sophisticated beyond-equilibrium thermodynamics formalism called GENERIC. 21 so the result may be taken over directly here ͑by making the substitution of Q i → q i for all i͒. Hence, the elastic slip-link model stress tensor expression is also GENERIC compliant. The stress tensor depends on the distribution of chain conformations, whose dynamics we have not here specified ͑although one could easily imagine generalizing the dynamics of previous implementations to incorporate the new free energy͒. We can still find the plateau modulus G N 0 , which is an equilibrium quantity that depends only on the static, equilibrium conformation distribution for this model. Generally, the relaxation modulus G͑t͒ at short times reflects highfrequency behavior in the dynamic modulus G ‫ء‬ . Since our model resolves dynamics only on the strand time scale, G͑t =0͒ is the plateau modulus. If a model resolves more rapid time scales ͓e.g., the slip-spring simulation ͑SSS͔͒, then this trick cannot be used to estimate the plateau modulus. We begin with the Green-Kubo expression
We can now use our stress tensor expression derived from virtual work to find an expression for the plateau modulus. We will exploit the fact that the variance tensor is just the second moment for the ͕q i ͖ with given ͕N i ͖ : ij = ͗q i q j ͘ ͕N j ͖ , and
We use the notation H͑i͒ for the Heaviside step function, which is unitary for argument i Ͼ 0, and zero otherwise. This last result is independent of n and identical to the expression previously derived for the rigid slip-link model. Alternatively, we could calculate the modulus by imposing a small step shearing strain ␥, and looking at the short-time response of the stress. We use q i,y ͑t =0+͒ = q i,y ͑t =0−͒ + ␥q i,x ͑t =0−͒ and q i,x ͑t =0+͒ = q i,x ͑t =0−͒ , q i,z ͑t =0+͒ = q i,z ͑t =0−͒ and Eq. ͑27͒ to obtain
Since the plateau modulus is G͑t =0+͒ =− yx ͑t =0+͒ / ␥, the results are the same. A few comments may be appropriate regarding our use of the assumption that the plateau modulus can be determined from G͑t =0͒, which neglects influence of relaxation from "longitudinal modes." Certainly, these modes do affect the observed plateau in the slip-link model, as has been shown in Ref. 10 . However, quantification of that influence in any model is nontrivial for several reasons. First, modeling glassy modes requires additional assumptions about the dynamics-modes that are coarse grained out of all these models. SSS is the most detailed model of those considered here but treats Kuhn steps as flexible, which will affect the high-frequency predictions. Second, the effect of longitudinal modes from the slip-link model does not show a separation of the time scales from contour-length fluctuations. As a result, the "plateau" is not really flat but a very gradual slope, and at some point gets interrupted by glassy modes. This is seen experimentally. Third, the data are not sufficiently accurate to make these distinctions. G ‫ء‬ data are typically taken using parallel plates so that the data depend on sample radius to the fourth power. The shape of the sample at the free surface is difficult to control accurately so one typically estimates an uncertainty of approximately 25% in G ‫ء‬ data. This uncertainty is nearly equal to or slightly greater than the relaxation from longitudinal modes.
Finally, note that most tube models ͑e.g., des Cloizeaux, Likhtman-McLeish͒ assume that the relaxation from longitudinal modes is universal ͑20% in the latter case͒. This assumption would imply that we can ignore the influence of longitudinal modes when making comparisons as long as we ignore them throughout. Hence, our assumption here that we can ignore the effect of longitudinal modes on the plateau modulus when making comparisons is appropriate considering the accuracy of models and experiments to date, and may indeed be more accurate than making further assumptions.
D. Comparison with slip-link simulations
At approximately the same time that our mean-field, single-chain slip-link model was developed, 19, 31 Masubuchi et al. 16 developed independently a multichain, slip-link simulation, called the primitive-path simulation ͑PPS͒. While considering very similar physics, there were a few differences.
͑1͒
The PPS uses slip-links that are also followed explicitly in space and the monomer positions are assumed to fluctuate by equilibrium statistics, similar to the sliplink model. However, the model is followed on a slightly more-detailed level of description since the chain-chain entanglements are known explicitly. The positions of the slip-links fluctuate in space, but they have zero size. ͑2͒ Whereas the number of entanglements on the chains are determined thermodynamically for the slip-link model, the PPS entanglements are determined strictly algorithmically. Hence, the analytic distribution of entanglement number is unknown, but narrower than Poissonian. ͑3͒ The rigid slip-link model has three parameters: the total number of Kuhn steps in the chain N K , the entanglement-density parameter ␤, and the characteristic time constant for a Kuhn step to slide through an entanglement K . The PPS has five ͑or six͒ parameters, three of which are very similar to the slip-link model. One additional parameter deals with an excluded volume, osmotic-pressure force between slip-links ͑called ͒, and two more parameters determine the boundary conditions for creation and destruction of slip-links at chain ends. 15 Alternatively, one might consider this as a single parameter determining the window size, which would naturally be centered at the average. ͑4͒ Not all of the mathematics underlying the PPSs are specified. For example, creation and destruction of entanglements are computer algorithms. ͑5͒ The expressions used for monomer motion, slip-link motion, and the stress tensor each imply an underlying free energy. However, only the second and third of these are self-consistent.
Perhaps the most puzzling result of the PPS simulations was the difference in entanglement molecular weight from other models. The entanglement molecular weight is determined from the height of the plateau modulus, which we can determine analytically for the slip-link model. However, for the PPS it is determined numerically. The authors attributed the difference to spatial fluctuations in slip-links, 15 which is difficult to reconcile with our results here. In Ref. 14 Masubuchi et al. cited a 1943 paper by James and Guth 7 to explain the factor of 1/2 difference in the plateau modulus. However, that paper has no significant discussion about the magnitude of the modulus and the citation appears to be an error. More likely, those authors were referring to another paper in 1947 by James and Guth, 8 which gave a modulus approximately one-half in size of other predictions. However, the source of this difference is not from fluctuations of cross-links but rather the presence in the network of inactive strands.
A few years after introduction of the slip-link model and PPS, Likhtman 13 introduced a computer simulation with similar physics. In the slip-link model used before this paper, all slip-links were rigid objects; the chain passed through a fixed point in space. The elasticity added to the slip-links in the derivations here makes this version more similar to Likhtman's SSS. Despite the many similarities, there are a few important differences. We outline them here.
The SSS exists on a more-detailed level of description. Note that in our elastic slip-link model, the positions of the slip-links are no longer specified; only the anchor positions and the numbers of Kuhn steps between sliplinks are specified. On the other hand, the SSS keeps track of the slip-link positions in space and the position of all Kuhn steps in space. ͑2͒ The number of slip-links in the rigid and elastic sliplink models is determined by a thermodynamic bath-a grand canonical approach for a mean-field model. The distribution of the entanglement number is shown analytically to be Poisson. However, in the SSS, a fixed number consistent with the average is imposed on the entire simulation ensemble in a microcanonical way. Hence, the distribution of entanglement numbers is not determined by thermodynamics. ͑3͒ The rigid slip-link model has three parameters, summarized above. The slip-link model with elastic slip-links adds an additional parameter n. The SSS has five parameters: N K ͑which they call N͒, n ͑which they call N s ͒, the monomer friction coefficient, ͓which is roughly k B T K / ͑͑␤ +1͒a K 2 ͔͒, the average number of Kuhn steps between entanglements ͑roughly equivalent to ␤ +1͒, and the slip-link friction coefficient s . Both models also use a parameter for the Kuhn step length but its value has no influence on stress predictions. ͑4͒ As with PPS, the Likhtman simulations do not specify all of the mathematics underlying the simulations. Similar to PPS, the creation and destruction of entanglements are described for a simulation ensemble and not for a single chain in a mean field. ͑5͒ There is still some question about the proper form for the stress tensor in the SSS. In the original paper, 13 only the chain springs contributed to the stress. In a subsequent paper 24 cross-correlation terms between chain springs and virtual springs were used. In contrast, we are arguing here that all of the free energy should be used. It is not yet clear if any of these methods are equivalent. ͑6͒ Because of the more-detailed level of description, the SSS resolves time scales more rapid than does the sliplink model. As a result, the plateau modulus for the SSS is not given by G͑t =0͒. Hence, there is no analytic expression for the plateau although it can be estimated from simulation results at moderate times.
In the slip-spring simulation, they wish to eliminate the influence of the slip-spring friction coefficient by requiring that s Ӷ . On the other hand, stability of the dynamics requires that its value be nonzero. Hence, they settle for s = 0.1; smaller values would incur increased computational costs.
They show that their results do not depend too strongly on the exact value ͑Fig. 9 of Ref. 13͒. A similar dependence is shown on the ratio of slip-spring strength to entanglement length so their simulation has approximately three parameters, similar to our rigid slip-link model. Note that making s negligible is roughly equivalent to our integrating over the slip-link positions.
We showed above that the plateau modulus for the elastic slip-link model was unchanged in the rigid limit. The presence of elasticity in the slip-links would lead only to a change in the shape of the relaxation modulus, but not its height. This result is in direct contradiction to assertions based on SSS in Ref. 24 .
The authors of Ref. 24 were lead by their observations "to question some of the assumptions behind the tube theory, especially the meaning of the entanglement molecular weight obtained from the plateau modulus" because of the neglect of cross correlations between real and virtual chains. We believe that this contradiction arises from the issues while finding the proper stress tensor expression in the SSS. They neglect contributions to stress from the virtual springs to avoid double counting of chain contributions. However, this argument assumes that the virtual chains reside strictly in the other chains and not in the chain-chain interactions that have been coarse grained out. As pointed out by Öttinger, 22 whenever one throws out degrees of freedom in coarse graining, new entropy ͑and friction͒ should arise. Entropy is not a property of our physical system but rather a property of our level of description of that system.
For example, note that the expression for the stress tensor on the atomistic level is purely energetic, whereas the expression for mean-field tube or slip-link models is purely entropic. This difference is perfectly natural since the meanfield models exist on a level of description that is much less detailed. The detailed energetic information of the atomic model must move into the entropy of the less-detailed model, just as happens in the statistical mechanics of an ideal gas.
What our calculations above show is that the plateau modulus for the slip-link model is the number of degrees of freedom in the model times k B T divided by the volume. By integrating over the unconstrained slip-link positions, we have removed several degrees of freedom. In choosing this model for rheology, we are assuming that these integratedover degrees of freedom are equilibrated much faster than the segment dynamics. The model should fail for any experiment that resolves "slip-link dynamics." If another model, on a more-detailed description-like Likhtman's SSS-resolves the slip-link position, then it should have a higher modulus at zero time or contributions into the glassy modes.
E. Generalization to single-chain cross-link models
The only dynamics specified in the derivation presented here is the assumption of affine entanglement motion. Hence, chain motion through some of the slip-links could be suppressed to make them cross links, with no change to the mathematics. There is a slight change in the equilibrium distribution if we use phantom slip-links since N i can be negative for the end strands ͑i =1,Z͒ also. The modified expression is given in the Appendix.
IV. CONCLUSIONS
We compare the conformation distribution, stress, and plateau moduli of models that include fluctuation of entanglement or cross-link positions with the equivalent model when these quantities are fixed in space. We find no change in the plateau modulus with fluctuations. Furthermore, we find that thermodynamics sets no restrictions on the ability of phantom slip-links to pass through one another. However, if this passage is allowed, there are strong restrictions on the strength of the virtual springs that allow the entanglements to fluctuate. On the other hand, there might be other physical reasons to make slip-links have excluded volume. 32 Finally, we currently do not yet see any compelling reason to adopt elastic slip-links for three reasons. First, the two implementations of the theory have identical plateau modulus and are expected to give similar results. Second, the rigid slip-link model has shown excellent ability to explain data 10, 11, 30 and atomistic simulations. 4, 32 Recently published results show that the model is able to predict the linear viscoelastic properties of monodisperse, linear chains, including the proper molecular weight scaling. Other work, soon to be published, shows that the model can predict the LVE of bidisperse blends of linear chains, the LVE of star-branched chains, and the LVE of cross-linked networks-all without additional parameters. Previously published work showed that the model is able to predict stress data ͑practically all measured components͒ during flow for linear monodisperse chains using the parameters for LVE, including inception of steady shear, steady shear, relaxation following shear, singleand reversing double-step strains, and steady uniaxial elongation. The only significant shortcoming in data predictions to date is in the transient approach to steady uniaxial elongation: The model predicts an underdamped approach, whereas the data approach steady state monotonically. We are currently examining the source of this discrepancy but do not believe that it is tied to entanglement-position fluctuations.
Third, using elastic slip-links introduces ͑at least͒ one additional adjustable parameter. The rigid slip-link model uses three parameters, only one of which is truly adjustable. Nonetheless, the presented formulation does allow a better connection between slip-link model, slip-spring simulations, and the tube model. Some future comparison with data or atomistic simulation might provide motivation for further exploration of the ideas presented here.
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APPENDIX: DERIVATION DETAILS
Rigorous derivation of contracted free energy
To facilitate integration of the first free energy, Eq. ͑15͒, we first write it in a canonical Gaussian form for the ͕X i ͖ variables,
͑A1͒
We replace the ͕Q i ͖ in Eq. ͑15͒ with their equivalent ͕q i + X i − X i−1 ͖ and match up terms that are quadratic, linear, and constant in the ͕X i ͖ to find ij −1 , X i , and c. This procedure yields −1 = 3␦ 
q l+1 ͪ.
͑A4͒
Integration over the free energy is now made easier when written in the above form: 
͑A7͒
It is possible to show that within some constants involving n, Eq. ͑A7͒ is equivalent to Eq. ͑19͒. From Eq. ͑A4͒, we find that the new variance matrix is 
͑A8͒
Multiplication of this expression for ij −1 with the expression for ij given in Eq. ͑18͒ demonstrates that they are inverse of one another.
Derivation of Z distribution with elastic slip-links
Here we give details of the integration of Eq. ͑22͒ over all ͕N i ͖ when they are allowed to become negative. Note that the end strands N 1 and N Z must remain non-negative, even with phantom slip-links. We require the Z-dimensional integral dN 1 dN 2 , ... ,dN 
͑A11͒
Note that all results reduce to those for rigid slip-links in the limit that n → 0.
